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Enumerativ e geometry

�x a geometric object (curves)

require the curvesto satisfy certain conditions (degreed,

passthrough a point...)

count how many objects satisfy the conditions.

N (d;g) = # nodal complex plane curves of degreed and
genus g through 3d + g � 1 points (in generalpo-

sition)

E(d; j ) = # nodal complex elliptic plane curvesof degreed
with �xed j -invariant j through 3d � 1 points
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Recursive formula for N (d;0) by Kontsevich in 1990.

Example

d 1 2 3 4 5 6

N (d;0) 1 1 12 620 87304 26312976

Theorem(Pandharipande,1995)

E(d; j ) =

8
>><

>>:

� d� 1
2

�
� N (d;0) if j 6= 0; 1728

1
2 �

� d� 1
2

�
� N (d;0) if j = 1728

1
3 �

� d� 1
2

�
� N (d;0) if j = 0
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Tropical geometry

Replacecomplex algebraic curve C by \limit" of the amoeba

Log(C), where

Log : (C� )2 ! R2 : (x; y) 7! (log jxj; log jyj):

Example
Line L in P2

C, pick chart with coordinates ( x
z ; y

z ).
Intersects f x = 0g at (0; y0). Image tends to (�1 ; log jy0j).

Log(L ) is complex 1-dim, real 2-dim.

limit
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Example
Conic | intersects f x = 0g in two points.
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\T ranslations"

degree� # endsin the 3 directions

genus � h1(graph)

j -invariant � cycle length
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Once we de�ned tropical curvescombinatorially , we can de�ne
N trop (d;g) = # genus g degree d tropical curves through

3d + g � 1 points

Theorem(Mikhalkin's CorrespondenceThm, 2005)
N trop (d;g) = N (d;g)

E trop (d; j ) = # elliptic degreed tropical curves with �xed
cycle length through 3d � 1 points

Theorem(Kerber-M)

E trop (d; j ) =
� d� 1

2

�
� N trop (d;0)

Corollary

E trop (d; j ) =
� d� 1

2

�
� N trop (d;0) =

� d� 1
2

�
� N (d;0) = E(d; j ).
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De�nition
An abstract tropical curve of genus g is a connectedgraph �
with unbounded edges(ends), such that

each vertex is at least 3-valent ,

h1(�) = g and

the bounded edgesare equipped with a (positive) length.
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De�nition
A plane tropical curve of degreed and genus g is a tuple (� ; h)

where

� is an abstract tropical curve with 3d endsand of genus g

h : � ! R2 a continuous map satisfying:

On each edgeE , h is of the form

hjE : [0; l (E )] ! R2 : t 7! a + v(V; E ) � t

(a 2 R2 , v(V; E ) 2 Z2 \ direction " of E starting at V ).

For every vertex V the balancing condition holds:

X

E starting at V

v(V; E ) = 0:

d of the ends have direction (� 1; 0), d have direction

(0; � 1) and d have (1; 1).
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Examples

�
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�

locally at V :

R2

R2

V

�
�
�
�
�
det

 
2 0
0 � 1

! �
�
�
�
�

> 1

If v 6= 0, the length of h(e) is determined by l(e) and vice versa.
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Ideas of the pro of

Central result: E trop (d; j ) doesnot depend on the
positions of the 3d � 1 points or the choice of j .

Can be shown using the moduli spaceof tropical elliptic
curves.

Now we can choosea special j , namely j >> 0 and let the
elliptic curves\degenerate" to rational curves.
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Fix only the point conditions, not the j , and look at the family

of curvessatisfying those.

The cycle length in the image is bounded.
Conclusion: if we �x those points and j >> 0, then there must

be a contracted bounded edge.
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Examples
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Remove this edge.

Get a rational tropical curve (balancing is still satis�ed).

Now we can count rational curves instead of elliptic curves

with j >> 0.

We needto count them with the right multiplicit y:

Let C be a rational tropical curvesthrough the points.
Then C has to be counted with multiplicit y

X

E

mult( E )

where the sum goesover all elliptic tropical curvesE with
j >> 0 that degenerateto C.

This sum is equal to
� d� 1

2

�
� mult( C).
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Example: 12 rational curvesof degree3 through 8 points.

4
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They can be interpreted as elliptic curveswith j >> 0.

2 + 2 = 4
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Another degeneration: j ! 0

We can degenerateelliptic curvesto rational curvesin

another way:

let j ! 0.

We get another formula to compute E trop (d; j ).

Sincewe know E trop (d; j ) =
� d� 1

2

�
� N trop (d;0), we can use

this to derive a new formula to count rational curves.
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The 12 rational curvesinterpreted as elliptic curveswith j ! 0.

2 2

4 4

� 2
0

�� � 1
0

�

� � 1
0

�



Coun ting

tropical curv es

En umerativ e

geometry

T ropical

geometry

The result

T ropical curv es

Ideas of the

pro of

References

References:

Rahul Pandharipande, Counting elliptic plane curves with
�xed j-invariant , Proc. AMS (125) 1997,3471-3479.

Grigory Mikhalkin, Enumerative tropical geometry in R2,
J. Amer. Math. Soc. (18) 2005,313-377.

Michael Kerber and Hannah Markwig, Counting tropical
elliptic plane curves with �xed j-invariant , Comm. Math.

Helv. (to appear).

THANK YOU


	Enumerative geometry
	Tropical geometry
	The result
	Tropical curves
	Ideas of the proof

