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Motiv  ation
@ Give the moduli spaceof parametrized tropical curves Tropical  fans
Muop ;0:n (P d), the structure of a tropical variety Sonstucting

Mo (P d)

(respectively, a tropical fan).

@ This spacecan be usedto court tropical curves(e.g.
Kontsevich's formula).

@ Only a local understanding of M yop :0;n (P"; d): know the
conesand how they are glued, but

Q how to embed the spaceglobally into someRN ?
Q what kind of map is the evaluation map?
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Tropical fans

denotesa lattice (ZN) and V = z R the corresponding
real vector space.

De nition
A tropical fanin V is a fan suc that

Q cones are cut out by integral inequalities and equations
(  is the smallestsublattice of that contains \ ),

Q full-dimensional cones are equipped with a weight
I'( )2 Nso, and

Q for eath cone of codimension 1 the balancing condition is
ful lled.
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For a fan of dimension 1 the balancing condition means
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For a higher-dimensionalfan, project the cone and its
full-dimensional neighboring conesalong
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@ Two tropical fans are called equivalert, if they have a
commonre nement. (The weights have to agree,too0.)
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@ A tropical fan is calledirreducible, if there is no tropical
fan of the samedimensionwhich is strictly contained.

Constructing
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Let X and Y be tropical fans of dimension n, X irr educible, Tropical fans
and Y contained in X. ThenY = X for some in Qso. Constructing

Mo (P d)

T ropical

Idea of the proof:

@ suitable re nement

o =min ox v ( )='x()
e sud that 27
e newweight function: ' ( )= (!v() ! x())

@ new fan containing only j! ( ) > 0. It hasto be empty.
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A morphism of fansf : X | Y is a Z-linear map, that is, a

Motiv  ation
map induced by a linear map from to ©

Tropical fans

Constructing

e construct the imagefan f (X) in Y: Mo (F: d)
T ropical

@ roughly: conesf ( ), where is contained in a
full-dimensional cone on which f is injective.

@ the conesf () might overlap! suitable re nement

@ de ne the weight of %in f (X) to be

X
Lo (9= Px () %=f( )i

2Xjt( )= °

e f (X) is atropical fan, too.




Corollary

X, Y tropical fans of the samedimensionn, f : X ! Y.
Y irreducible. For Q suchthat

Q2 J,dim( 3)=n
@ inverseimagesP 2 p, dim( p)=n

de ne the multiplicity

'x( p)

multp f :=
P 'y (3)

Then the sum X

i %=t )i

multp f
Pif(P)=Q

does not depend on Q(\ degree of f ).
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Idea of the proof:

@ suitable re nements

@ Y irreducible =) f(X) =

Y for some .
@ Therefore
X X |
multp f = |. X((g)
Pif(P)>=Q ()= oY
o9
'v( 9

doesnot depend on Q.
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Constructing Mo, (P"; d) A e
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@ U open subsetof M o,y (P"; d) sudh that f fx; = Og
consistsof d distinct nonspecial points.

e To (C;pi;f) assaiate (C;pi; G ) 2 Mo (where
N := n+ (r + 1)d) by marking the points f fx; = 0g.

Tropical fans

Constructing
Mo (P d)
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[

_ P
B My opensubsets. th. divisors s; = | G;j are

linearly equivalent.

Si r + 1 sectionsof a line bundle on P! map to P’

(C;pi; f) and (C; pi;f) yield the same(C;pi; g; ),

where

:[xo:::::xr]7! [Xo: 21Xy ::iii: oXel

The map[sp:::::s/]isasgood as[sp: 1S1:::::

Let Y be the corresponding (C )"-bundle over B.
Then Y=(S;"!) = U.

rSrl.
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Tropical Myp:oN

An abstract tropical curve with n markings is a tree, suc that
o ead vertex is at least 3-valert,
@ n of the leaves(ends, unbounded edges)are marked and

e the bounded edgesare equipped with a (positive) length.

Muop :0n = Spaceof abst. trop. curveswith N ends,all marked
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Muop :0;n Can be embeddedas a tropical fan in R(:) N. e
3 tropical curv es
ij -th coordinate given by the distance of leaf i and leafj .

Motiv  ation

1 12 1 Tropical fans
1 2 13 O Constructing
3 %g % M_O;n (P d)
4 24 O T ropical
3411 M trop ;0N

Divide out W spannedby treeswith a 2-valent and an
N -valert vertex:

-
N
wh
RPORORO
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Mrop :0:4 Can be embeddedinto R? = Ré=W. It consistsof ol shace ot
three rays generatedby D

(0, 1, 1’ 11 1’ 0) Motiv  ation

(1, O, 1, 1, 0’ 1) Tropical fans
Constructing

(1,1,0,0,1;1) Lon i

T ropical
M trop ;0;N

Their sum = the sum of the 4 generatorsof W =) Myqp :0:4 IS
a tropical fan.
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De nition
( ;xj;h) is an n-marked parametrized tropical curve of degree
dto P if:

Motiv ation
Tropical fans

Constructing

( ;x;) abstract tropical curve with n+ (r + 1)d ends, Mo (P 5 d)
h: ! R" acontinuousmap satisfying: T ropical
M trop ;0:N
o On ea(.h edgeE, h |S Of the fOI’m P arametrized

tropical curv es

hie :[0;I(E)]! R" :t7!'a+ Vv(E) t

(@2 R", v(E) 2 Z" \direction" of E). (v(E) = product of
the weight ! (E) and the primitiv e integral vector.)
e For every vertex the balancing condition holds.

o Marked endsx; cortracted to a point by h (i.e. v(x;) = 0).

o d of the other endsmappedto e, anddto €.




The length of an image edgeh(E) is determined by the length
of E in the abstract tropical curve and the direction v(E) (if
v(E) 6 0).
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How assciate an abstract tropical curveto ( ;pi;h)?
Mark the other endsby g; .
All directions are determined by the directions of the ends:

=) the map h is determined by
@ the position of one point (e.g. h(x1)) in R",
o the abstract curve ( ;pi;q; ) and

o the directions v(g; ).
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Getamap Mugp:on R ! Muop ;00 (P d).
Cover, number of inverseimagesvaries for the di erent cones.

Motiv  ation
Tropical fans

Constructing
M o;n (P d)

P arametrized
tropical  curv es

The picture encalesboth graph and map.
Avoid this by labelling the ends (for enumerative statemerts,
we have to divide by jS;™ | later.)




M oy -0 (P" d)

( i Xisqg5h) 7

in the sense:

@ bijection betweenthe two setsof cones,
@ ead coneis equal to its image cone under this bijection,

@ gluing coincides.

The right hand side is a tropical fan.
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Miop:on R
(( i%i36; )5 h(x1))
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The map Tropical  fans

Constructing
™M I
M [ab r. r Mo;n (P d)
trop ;05N (P d) ] R —

( ;Xl;:::xn;h) 7! h(Xi) M trop ;0N

is called the i-th evaluation map. -

< The evaluation
map

The i-th evaluation map ev; is a morphism of fans.
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Idea Of the prOOfZ mo duli space of
. ) tropical  curv es
o Identlfy M 6&}{ trop (Pr , d) Wlth M O;N ;trop Rr .
o De ne Motiv  ation
) N ; r Tropical fans
eViO . R( 2) R I R Constructing
1 X\I M o;n (P d)
(a]_;z; llan LN, b) 7! b+ E (al;k Ak ) Vk
k
e eWis0onW andit is alinear map.
X1 |(E) =1 ;h;) ev aluation
| Xi
>> v(E) < ’

B ——

[

For all endsk 2 1, a;.« = 0, ax = 1=) count negatively.

©

For all endsl 2 J, a3, = 1, a; = 0=) count positively.

©

P
Balancing condition =) k21 Yk = 123 W1 = V(E).




Now the statemert "the degreeof the evaluation map is
constart" (or:\the number of tropical curvesthrough given
points doesnot depend on the points") is an easyconsequence
of the fact that this spaceis a tropical fan and ev is a
morphism of fans.

References:

@ A. Gathmann, M. Kerber, H. Markwig, Tropical fans and the
moduli spaceof rational tropical curves preprint.

@ G. Mikhalkin, Moduli spacesof rational tropical curves
preprint.

@ G. Mikhalkin, Tropical Geometry and its applications,
Proceedingsof the ICM, Madrid Spain (2006), 827{852.

Constructing the
mo duli space of
tropical  curv es

Motiv  ation
Tropical fans

Constructing
Mo (P d)

T ropical

The evaluation
map




	Motivation
	Tropical fans
	Constructing M0,n(Pr,d)
	Tropical M`39`42`"613A``45`47`"603Atrop,0,N
	Parametrized tropical curves

