THREE TROPICAL ENUMERATIVE PROBLEMS

HANNAH MARKWIG

ABSTRACT. In this survey, we describe three tropical enumerative prob-
lems and the corresponding moduli spaces of tropical curves. They have
the structure of weighted polyhedral complexes. We observe similarities
in the definitions of the weights, aiming at a better understanding of the
tropical structure of the moduli spaces.

1. INTRODUCTION

In tropical geometry, algebraic varieties are degenerated to certain piece-wise
linear objects called tropical varieties. This process loses a lot of information,
but many properties of the algebraic variety can be read off the tropical
variety, and many theorems that hold for the algebraic side remarkably
continue to hold on the tropical side. Since tropical varieties are piece-wise
linear, they are in principle easier to understand than algebraic varieties and
combinatorial methods apply. Thus there is hope that we can use tropical
geometry to derive theorems in algebraic geometry.

One of the fields in which tropical geometry has had significant success
recently is enumerative geometry. Enumerative geometry deals with the
counting of geometric objects that are determined by certain incidence con-
ditions. The conditions have to be chosen in such a way that only finitely
many objects satisfy them. We will consider tropical analogues of the fol-
lowing three examples of enumerative numbers:

(1) The numbers N(d, g) of nodal degree d genus g plane curves through
3d + g — 1 points in general position.

(2) The numbers E(d,j) of nodal degree d elliptic (that is, genus 1)
plane curves and with fixed j-invariant j through 3d — 1 points in
general position.

(3) The Hurwitz numbers HY(n,v) of genus g, degree d covers of P!,
with specified ramification profiles n and v over 2 fixed points in P!
and at most simple ramification over other points in P*.

Now we could instead count the corresponding tropical objects, defining
numbers Niyop(d, 9), Etrop(d,j) and Hg,trop(n, v), and hope to end up with
the same numbers. Each tropical object has to be counted with a certain
tropical multiplicity that should reflect how many objects in the algebraic
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count degenerate to this tropical object. For the numbers N(d, g), the Corre-
spondence Theorem N (d, g) = Nirop(d, g) has been shown in the pioneering
work of Grigory Mikhalkin ([12]). The equality E(d,j) = Etop(d,j) was
proved in [10] and Hj(n,v) = Hitrop(n, v) in [3].

The study of tropical enumerative numbers like the above requires an ar-
gument why the tropical count remains invariant under a deformation of
the conditions, for instance, an argument why the numbers Niop(d, g) do
not depend on the position of the 3d + g — 1 points (as long as they are in
general position). The corresponding independence statements in algebraic
geometry are a consequence of the fact that the enumerative numbers can
be interpreted as intersection numbers of cycles on suitable moduli spaces,
and that intersection products are invariant under deformation. In tropical
geometry, we can construct analogues of the moduli spaces. Also, tropical
intersection theory has been studied recently ([13],[1]). However, at this mo-
ment not all independence statements above can be deduced from general
principles of tropical intersection theory. In fact, we can only use tropical in-
tersection theory to prove independence statements for numbers of rational
curves, that is, if the genus ¢ is 0. For the numbers Ni;op(d, ), the indepen-
dence was shown in [12] by relating the tropical numbers to classical ones
for which the invariance is known. An alternative combinatorial proof de-
termines the different possibilities of how a tropical curve can change when
the points are deformed ([7]). For the numbers Ei,o,(d, j) and Hg’trop(n, V)
the independence was shown in [10] and [3], respectively, using moduli space
techniques. However, tedious case-by-case analyses and computations were
necessary. The same techniques can also be used to prove the independence
for the numbers Niyop(d, g), and we outline this proof shortly in this survey
since it cannot be found in the literature.

A main reason why we cannot prove the independence with tropical intersec-
tion theory is that the tropical moduli spaces we want to work with do not
have a tropical structure yet. We can define them only as abstract weighted
polyhedral complexes. The only case in which the tropical structure of the
moduli space is well understood is for rational curves ([14], [5]). Since the
corresponding moduli spaces in algebraic geometry are stacks rather than
varieties, we expect that we need a rigorous definition of a tropical stack,
which does not yet exist, before we can succeed in equipping the tropical
moduli spaces with more structure. For genus 0, the notion of a tropical
stack is avoided by introducing extra labelings that will remove automor-
phisms, see Section 7. Once we understand the tropical structure of the
moduli spaces, we expect that tropical intersection theory should provide
natural proofs of the independence statements, leading thus to a more rig-
orous set-up for tropical enumerative geometry.

The purpose of this survey is to describe the tropical moduli spaces used in
the three enumerative problems mentioned above, and to observe similarities
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in their local structure. We hope a better understanding of tropical moduli
spaces might eventually lead to a definition of a tropical structure for them.

We define three tropical moduli spaces that parametrize a larger set of ob-
jects than the ones we want to count. For the first enumerative problem
(the numbers Niyop(d, g)) the space Mg, trop(R?, A) parametrizes genus g,
degree d plane tropical curves with 3d + g — 1 marked points. The space
M trop(R%, A) that we use for the second problem (the numbers Etyop(d, §))
parametrizes degree d elliptic plane tropical curves with 3d—1 marked points.

The space /\/lfq707trop(R1, A) for the third problem (the numbers Hg}tmp(n, v))

parametrizes degree d, genus ¢ tropical maps to P'. Then we define maps
from these moduli spaces, for instance, the map that evaluates the 3d+¢g—1
marked points for the first problem. The inverse image under this map
of a point configuration consists of those degree d genus g tropical curves
that pass through the point configuration. Inverse image points have to
be counted with the suitable tropical multiplicity. The map for the sec-
ond enumerative problem evaluates 3d — 1 points and associates the tropical
j-invariant. The map for the third problem evaluates the position of the
vertices of the tropical curve that can be thought of as branch points.

We start in Section 2 with an example which should motivate our definition
of tropical curves. In Section 3, we define abstract tropical curves and
parametrized tropical curves. The latter can be thought of as analogues
of stable maps. We also define spaces parametrizing tropical curves that
can be thought of as analogues of moduli spaces of stable maps. We equip
those tropical moduli spaces with the structure of a weighted polyhedral
complex in Section 4. In Section 5, we define maps from the tropical moduli
spaces that are used to define the tropical enumerative problems. We explain
how our definition of Niyop(d, g) relates to Mikhalkin’s original definition of
Nirop(d, g) ([12]). In Section 6, we give a short overview of the independence
proofs that have to be shown for each of the three enumerative problems.
We give only short outlines of proofs. For more details, or for more formal
definitions, see [10], [6] or [11].

The author would like to thank Paul Johnson, Eric Katz, Thomas Markwig
and Johannes Rau for helpful comments.

2. A MOTIVATING EXAMPLE

There are several ways to define the degeneration process which produces
a tropical variety from an algebraic variety (see [12], [16], [4]). Here, we
sketch just one basic example that motivates our later combinatorial defi-
nition of tropical curves. Let L be a projective line in IP)?C, and apply the
map Log: (C*)2 — R2?, (s,t) — (log|s|,log|t|) to the restriction of L to
(C*)2. Let (x : y : 2) be the coordinates of P2, and identify C? with the set
{z # 0}. Then the map Log associates the point (log|Z|,log|%]) € R? to
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a point (v :y : z) € P2. The line L intersects the coordinate line {z = 0}
in one point. When we move along the line L towards the intersection
with {z = 0}, the first coordinate of the image point under Log tends to
—o00. Also, when we move towards the intersection with the coordinate line
{y = 0}, the second coordinate of the image tends to —oo. When we move
towards the intersection with {z = 0}, both coordinates become big and
their difference tends to a constant. Furthermore, the image Log(L) C R?
(called the amoeba of L) should be 2-dimensional, as the complex line has
two real dimensions. These observations suggest that the image looks similar
to the left of the following picture:

A tropical line can be thought of as a limit of this amoeba after shrinking it to
something one-dimensional, as on the right in the picture above. (For more
details on the limit process, see [12] or [4].) The only information kept are
the three infinite rays and their directions. Note that the primitive integer
vectors pointing in these three directions sum up to 0. This is called the
balancing condition and is important in our combinatorial definition. Now
let C C P2 be a conic. It intersects {x = 0} in two points, (0 : pp : 1) and
(0 :pp : 1). We can move along C' near the first point and the first coordinate
of the image will tend to —oo, whereas the second tends to log |pg|. For the
second point, the first coordinate will again tend to —oo, but the second to
log |p1|. Thus the amoeba of a conic has two “tentacles” in each of the three
directions (—1,0), (0, —1) and (1,1). We can not say precisely what happens
in the middle. When we shrink the amoeba to something 1-dimensional to
get an idea of how a tropical conic should look like, there are indeed several
possibilities of what can happen in the middle.

The picture shows three different types of a tropical conic.

In many places in the literature, an alternate degeneration process is given;
namely, take the image of the valuation map from an algebraic variety over
the field of Puiseux series K (or another field with a non-archimedean val-
uation). Since this definition does not require taking a limit, it is more
useful for computations ([2]). We define plane tropical curves combinatori-
ally (Definition 3.6). For plane curves, it is true that any such combinatorial
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object (roughly, a graph satisfying the balancing condition) comes from an
algebraic curve under the degeneration process ([17]).

Remark 2.1. We can also apply the degeneration to higher-dimensional va-
rieties. In the case of constant coefficients (that is, if the ideal defining the
variety is an ideal of C[z] C K|[z]) the image under the valuation map is a
polyhedral fan that satisfies (a higher-dimensional version of) the balancing
condition ([18], Section 2.5). The role of the primitive integer vector point-
ing in the direction of an edge is played by the lattice in a top-dimensional
cone of the fan. Combinatorially, higher-dimensional tropical varieties are
defined roughly as polyhedral complexes obtained by gluing fans that sat-
isfy the balancing condition ([20], [5]). Not every such polyhedral complex
comes from an algebraic variety under the degeneration process.

3. TROPICAL M, ,(P",d)

We want to define a tropical analogue of M, ,(P",d); that is, we want to
define maps from abstract tropical curves to R” such that the images look
like the tropical curves we have seen in Section 2 above (that is, like graphs
satisfying the balancing condition). The abstract tropical curves should be
marked by n points. We have seen above that the unbounded edges (or,
ends) of a tropical curve can be thought of as coming from the intersection
with coordinate hyperplanes. In this sense, the ends are special points of
the tropical curve. Thus we define the tropical analogue of marked points
to be marked ends.

Let us first fix some notation we want to use for graphs. Let I" be a graph.
Unbounded edges (also called ends) are allowed. We denote the set of ver-
tices by 'Y and the set of edges I''. The subset of ends is called I'}, and the
subset of bounded edges I‘(l). We call a pair F' = (V,e) where e is an edge
of ' and V € de a flag of T' and think of it as a “directed edge”—an edge
pointing away from its end vertex V. The genus of a connected graph I
is the first Betti number of T, hi(I",Z), that is, the number of independent
cycles.

Definition 3.1. An abstract tropical curve is a connected graph I' whose
vertices have valence at least 3 and whose bounded edges e are equipped
with a length I(e) € Rso.

The genus of an abstract tropical curve is the genus of I'.

An abstract n-marked tropical curve is a tuple (I',x1,...,x,) where I' is an
abstract tropical curve and x1,...,z, € I'}, are distinct ends of T

The set of all n-marked tropical curves with exactly n ends and of genus g
is called Mg 5, trop-

An abstract tropical curve with labeled vertices is an abstract tropical curve I'
where each vertex is labeled with val(V') — 2 numbers such that the disjoint
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union of all vertex labelings equals {1,...,s—242g}, where s is the number
of ends and ¢ is the genus.

Forie {1,...,s—2+42g} we denote by V; the vertex which has the label 1.
Note that for a curve with higher-valent vertices it is possible that V; = V;
for ¢ # j in this notation.

The combinatorial type o of an abstract tropical curve is the information
left when dropping the lengths of the bounded edges.

Remark 3.2. We need vertex labelings only for the third enumerative prob-
lem, since tropical branch points of a map to tropical P! are thought of
as vertices of the underlying abstract tropical curve. Therefore we have to
define two types of moduli spaces, one parametrizing curves with vertex
labelings (but without marked ends) and one with marked ends.

Ezample 3.3. The following picture shows a 2-marked rational abstract trop-
ical curve (without labeled vertices). Marked ends are drawn as dotted lines.

Remark 3.4. A connected graph of genus g has #I'} = #I'L — 3 + 39 —
>y (valV — 3) bounded edges. In particular, a 3-valent graph has #I'} =
#TL — 3 + 3g bounded edges. A 3-valent graph of genus g has #I'V =
#TL — 2 + 2g vertices. We need these relations for dimension counts later
on.

Remark 3.5. For rational curves, the space Mg trop is known to be the
space of trees, or a quotient of the tropical Grassmanian ([19], [14], [5]). It
is in fact equal to the tropicalization of My, (where My, is realized as a
quotient of the Grassmanian) ([8], proposition 5.8). Therefore it is a fan
satisfying the balancing condition as mentioned in remark 2.1.

Definition 3.6. A (parametrized) tropical curve in R" (with labeled vertices)
is a tuple (I, h) where T is an abstract tropical curve (with labeled vertices)
and h: I' — R" is a continuous map satisfying:

(1) h maps each edge e of length [(e) affinely to a line segment with
rational slope in R", that is, if we identify the edge e with the interval
[0,1(e)] (or [0,00) for an end), h is of the form

h(t)=a+t-v

for some a € R? and v € Z2. The integral vector v occurring in
this equation if V' € Oe is identified with 0 will be denoted v(V,e)
and called the direction of the flag (V,e). For an end e, we call its
direction v(e) = v(V,e) (where V is its only end vertex).
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(2) At every vertex V € I'?, the balancing condition is fullfilled:

Z v(V,e) = 0.

e|Veode

Note that v(V,e) = —v(V’,e) if {V,V'} = Oe.

Definition 3.7. An n-marked (parametrized) tropical curve in R is a tuple
(T, h,z1,...,7,) where (T, h) is a tropical curve in R”, and z1,...,2, € [}
are distinct ends of I' that are mapped to a point in R? by h (that is,
v(z;) =0).

Definition 3.8.

(1) The genus of a tropical curve in R" is the genus of the underlying
abstract tropical curve.

(2) The combinatorial type of a tropical curve in R" is given by the data
of the combinatorial type of the underlying abstract tropical curve I'
together with the directions of all its edges (bounded edges as well
as ends).

(3) The degree of a tropical curve in R” is defined to be the multiset A =
{v(e); e € TL\{w1,...,2,}} of directions of its ends. If this degree
consists of the vectors —egy, —e1, ..., —e,, where ¢g:=—e1 — -+ — €,
and where each vector appears d times, we say that these curves
have degree d.

Example 3.9. The following picture shows a rational tropical curve of de-
gree 1 in R? with two marked points.

]R2
h(z1)

h(z2)

Remark 3.10. Note that the direction vector v(V,e) of a flag (V,e) (if it is
nonzero) can uniquely be written as a product of a positive integer (called
the weight of the edge €) and a primitive integer vector.

Remark 3.11. The map h of a tropical curve (I, h, z1, ..., z,) does not need
to be injective on the edges. It is allowed that v(V,e) = 0 for a flag (V,e),
that is, the edge e is contracted to a point in R?. The remaining flags
around the vertex V then satisfy the balancing condition. If V' is a 3-valent
vertex, this means that the two other flags (V, e1) and (V, e2) around V have
to satisfy v(V,e1) = —v(V,ez), that is, they point in opposite directions.
Hence, the image h(T") looks locally around h(V) like a straight line.

This holds in particular for the marked ends x4, ..., x,, as they are required

to be mapped to a point. Therefore, they can be seen as tropical analogues
of the marked points of stable maps.
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Note that the contracted bounded edges also lead to “hidden moduli param-
eters”: if we vary the length of a contracted bounded edge, then we arrive
at a family of different parametrized tropical curves whose images in R? are
all the same.

We are now ready to define the two types of moduli spaces mentioned in
Remark 3.2.

Definition 3.12. For all g, n > 0 and A, let Mgm,tmp(Rz, A) be the set of
all n-marked tropical curves (I, h,z1,...,2,) in R? of degree A and genus
g <g

For all g > 0 and A, let M;O,tmp(Rl,A) be the set of all tropical curves
with labeled vertices (T, h) in R! of degree A and genus ¢’ < g.

We denote by M, o, (R?, A) and M4

9,0,trop
of My trop(R%, A) and M, 4.0,tr0p (R', A) of tropical curves of combinatorial
type a.

(RY, A), respectively, the subsets

We need to include curves of lower genus here, since they appear in the
boundary of types of genus g.

There are only finitely many combinatorial types in ngmtrop(R?,A) and

Mg/],O,trop(Rlﬁ A) ([6])
Lemma 3.13. The subsets Mg, o,(R*,A) and M . (R',A) are un-

bounded open convex polyhedra in real vector spaces of dimension 2 + #F(l)
and 1 + #T%, respectively. They have, respectively, two or one coordinates
h(V') for the position of a root vertex V and coordinates l(e) for the lengths
of all bounded edges e. They are cut out by the inequalities that all lengths
have to be positive and by the equations for the loops. If I is 3-valent, the
expected dimensions are 2 + #I'} — 29 = #A — 1+ g for Mgnvtrop(RQ, A),
and 1+ #I'{ — g = #A — 2+ 2g for Mé%’trop(]Rl, A).

Proof. Given a curve of type a we can recover the map h from the data of
the position of one root vertex. This is true because the directions are fixed
by « and the lengths are fixed by the abstract curve. Thus M, ;’n’tmp(RQ, A)

and M%) ., (R', A) are parametrized by the position 2(V1) and the lengths
of all bounded edges. The length coordinates have to satisfy the conditions
that the g loops close up in the image in R? (resp. R). Each loop gives two
(resp. one) conditions, but they do not have to be linearly independent. The

statement about the expected dimension follows from Remark 3.4. (]

A different choice of the root vertex or of the order of the bounded edges
leads to a linear isomorphism on Mg, .o (R? A) (resp. M[% 0p(RY, A))
of determinant 4+1. This is obvious for the order of the bounded edges.
If we choose another root vertex V', the difference h(V) — h(V') of the

images of the two vertices is given by >y l(€) - v(W,e), where the sum
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is taken over a chain of flags leading from V to V’/. This is obviously a
linear combination of the lengths of the bounded edges. As these length
coordinates themselves remain unchanged it is clear that the determinant of
this change of coordinates is 1.

For any type «, the boundary of an open polyhedron Mg, . (R? A) or

MG trop (R, A) consists of curves where some length coordinates are shrunk
to 0. We can remove those edges and obtain a new tropical curve of a
combinatorial type o/, possibly of lower genus. The following picture shows
how this can look like locally. The edges which tend to have length zero

when we move towards the boundary are drawn in bold.

(R?, A) or M[% 1,0p(RY, A) along their

«
Thus we can glue the spaces M, g.n,trop
boundaries.

4. THE MODULI SPACES AS WEIGHTED POLYHEDRAL COMPLEXES

Definition 4.1. Let X;,..., X be (possibly unbounded) open convex poly-
hedra in real vector spaces. A polyhedral complex with cells X1,..., Xy is
a topological space X together with continuous inclusion maps i5: X — X
such that X is the disjoint union of the sets ix(Xy) and the coordinate
change maps i,;l oi; are affine (where defined) for all k£ # {. We usually drop
the inclusion maps 7, in the notation and say that the cells X} are contained
in X.

The dimension dim X of a polyhedral complex X is the maximum of the
dimensions of its cells. We say that X is of pure dimension dim X if every
cell is contained in the closure of a cell of dimension dim X. A point of X is
said to be in general position if it is contained in a cell of dimension dim X.
For a point P in general position, we denote the cell of dimension dim X in
which it is contained by Xp.

A weighted polyhedral complex is a polyhedral complex such that there is a
weight w(X;) € Q associated to each cell X; of highest dimension.

Now we want to glue the polyhedra Mg, ., (R?, A) or M;% .o (RT, A) to a
weighted polyhedral complex. However, we want the polyhedral complex to
be of the expected dimension, so in each case, we have to throw away certain
strata. Later on we define maps from the moduli space to some other space
that we use to impose conditions. We count tropical curves in the inverse

image of a point. The strata whose dimension is too high are not mapped
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injectively and therefore do not contribute to the count. Thus we can drop
them.

Also, we have to define weights for the top-dimensional strata. For this, we
need the following definitions:

Definition 4.2. We call a type a in My, trop(R?, A) or M;’O,tmp(Rl,A)
reqular if the underlying graph is 3-valent and of genus g, and the g loops
impose independent conditions.

Definition 4.3. Let a be a regular combinatorial type in My, trop(R?, A)
(resp. M é707tr0p(R1, A)). Pick g independent cycles of T', that is, generators
of H1(T',Z). Each such generator is given as a chain of flags around the
loop. Define a 2g x 2 + #I'} = 2g x n + #A — 1+ 3¢ (resp. g x 1+ #I} =
g X #A —2+3¢g) matrix A, with two (one) columns for the position of a root
vertex h(V) and a column for each length coordinate, and with two (resp.
one) rows for each cycle containing the equation of the loop in R? (resp. R)

(depending on the lengths of the bounded edges in the loop):

> w(We)-l(e),

(Wee)

where the sum now goes over the chosen chain of flags around the loop.
Then A, : RPT#A4-1439  R29 (resp. A,: R#FA7239 — RY) is a linear map.

Denote by I, the index of the sublattice A, (Z"H#A-1439) 729 (resp.
A (ZH#A2H39) C 79).

Note that Mg, .,(R* A) (resp. M;%) op(R', A)) equals the intersection of

R? x (R>0)#Fé (resp. R x (R>0)#FE1J) with the kernel of this map. This is
true because we force the images of the cycles in R? (resp. R) to close up by
requiring that the equations of the chains of flags are 0.

Note also that I, does not depend on the chosen generators of H(I',Z): If
we choose another set of generators, these new generators are given as linear
combinations with coefficients in Z of the old generators, so the rowspace of
the matrix is not changed.

Example 4.4. The picture shows a regular curve C' in M1 3 trop (R2, A) (where
A= {(_27 _1)7 (07 2)7 (27 _1)})'




THREE TROPICAL ENUMERATIVE PROBLEMS 11

Choose the chain of flags (Vi,e1),...,(Va,eq) around the cycle. The direc-
tions of those four flags are (1,1), (1,1), (1,—1) and (—1,0). Thus the map
Ay R® — R? is given by the following matrix:

where the coordinates of R® are h(V1), I(e1), ..., (eq).

4.1. The moduli space Mg,mrop(]RQ,A) for the first enumerative
problem, the numbers Ny, (d, g).

Definition 4.5. Let C' = (I', h,z1,...,x,) be a tropical curve. If C' has no
contracted bounded edges (that is, no direction vector v(e) = 0 for e € I'}),
and if for all V' such that there are two adjacent flags of the same direction
v(V,e1) = v(V, e2) the directions of the flags adjacent to V span R?, then C
is called relevant. (In particular, every such vertex is at least 4-valent.)

We define /\/lg,n,tmp(Rz, A) to be the subset of Mg,n,trop(RQ, A) of relevant
tropical curves which satisfy in addition the following property: if they are
of genus ¢’ < g, then they appear in the boundary of a relevant type of
genus g.

The weight w; () of a top-dimensional cell M (R%, A) is defined to be

g,n,trop
the index I, from Definition 4.3.

It follows from Proposition 4.1 in [11] that all types of top dimension in
Mg,n7tr0p(R2, A) are regular. Thus the weight is well-defined.

The following picture shows an element of M0,5,trop(R2, 2):

4.2. The moduli space /(/lvl,mmp(RQ,A) for the second enumerative
problem, the numbers FEi;,(d,j). Let o be a combinatorial type in
Ml,nytmp(RQ, A). The deficiency def(«) is defined to be

2 if g = 1 and the cycle is mapped to a point in R?,

def(a) = { 1 if g = 1 and the cycle is mapped to a line in R?,

0 otherwise.
Since the loop imposes either two, one or no condition (depending on whether
it spans R?, is mapped to a line or to a point), we can determine the dimen-
sion of M7, i.op(R?, A) exactly to be #A+n+g—1—3" (val V —3)+def(c)
([10]).
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Definition 4.6. Remove from M Ln’tmp(RQ, A) the cells of dimension bigger
than #A + n and cells of rational curves which are not contained in the
boundary of a cell corresponding to a genus 1 curve. The remaining subset
of Mlm,trop(]R%A) is called Mlm,trop(RZ,A). We associate the following
weights to the strata of dimension #A + n:

(1)

Assume def () = 0, and the curves of type « are of genus 1. Then we
associate the weight wo(a) = I, - ()", where r denotes the number
of vertices V' such that I' \ V' has two connected components of the
same combinatorial type (that is, for which both the abstract graph
and the directions coincide).

Assume def(a) = 1. By the dimension count there is a 4-valent
vertex. Assume first that the 4-valent vertex is adjacent to the cycle,
that is, locally the curves look like the following picture:

In the notations above, n-u, m-u and v denote the direction vectors
of the corresponding edges (n and m are chosen such that their
greatest common divisor is 1). If n # m, or if n = m = 1 and the
cycle is formed by three edges due to the presence of a marked point,
we associate the weight wy(a) = |det(u,v)|. If n = m = 1 and no
point is on the flat cycle, then we associate wo(ar) = 1| det(u,v)|.
(Due to the balancing condition this definition is not dependent of
the choice of v.)

In case the 4-valent vertex is not adjacent to the cycle, we associate
the weight 0.

Assume def(a) = 2. Assume first that the 5-valent vertex is adjacent
to the cycle, that is, locally the curves look like this:

where u and v denote the direction vectors of the corresponding
edges. We associate the weight wo(a) = (| det(u,v)| — 1). (Note
that due to the balancing condition this definition is independent
of the choice of u and v.) In the case that there are two 4-valent
vertices or that the 5-valent vertex is not adjacent to the cycle, we
associate the weight 0.
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The factor of (%)” was left out in the original definition of ./{/lvlyn,tmp(RQ, A)
n [10]. The reason is that curves with vertices V' such that I' \ V' has two
connected components of the same type count with multiplicity O later, since
they are not mapped injectively.

Remark 4.7. Note that we include types in /K/lvlynytmp(RQ, A) which are not
relevant and thus not included in /\/lgm’tmp(Rz, A). The reason is that the
map we want to use for the first enumerative problem only evaluates at
different points, whereas the map for the second enumerative problem takes
the cycle length of the tropical curve into account (see Definition 5.5). A
cell corresponding to a non-relevant type like the one with def(a) = 1 above
is not mapped injectively with just evaluations, because we can change the
length coordinates in the cycle without changing the position of any marked
point. It is mapped injectively in the second problem though, because a
change of length coordinates in the cycle changes the cycle length. Therefore
we have to consider it in the second problem, but not in the first one.

The following picture shows an element of M 178,tr0p(R2, 3):

=t

4.3. The moduli space M;,
problem, the numbers HY

d,trop
need vertex labels here.
Definition 4.8. Let M;yommp(RI, A) be the subset of M;,O,trop(R17 A) con-

taining all combinatorial types a such that if M%) . (R, A) is of dimension

#A — 24 2g or bigger then « is regular and if M;%mrop(Rl, A) is of dimen-
sion less than #A — 2 + 2¢ then it is contained in a cell corresponding to a
regular type.

In particular, the top dimension of M’gyo’tmp(]Rl, A) is #A — 2+ 2g. We
define the weight ws(a) of a top-dimensional cell as the product of three

types of factors:

trop(RY,A) for the third enumerative
(n,v). As mentioned in Remark 3.2, we

e the index I;

° % for every vertex V such that I'\ V' has two connected components
of the same combinatorial type;

° % for every cycle which consists of two edges which have the same
direction.

The following picture shows an element of M/ o, (R, 2):
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1% V3

Vo Vi

It is easy to show now that the three moduli spaces are indeed weighted
polyhedral complexes.

Remark 4.9. Note that the weights in Definitions 4.5, 4.6 and 4.8 coincide.
We do not need factors of % in Definition 4.5 because a regular and relevant
curve cannot have a vertex V such that I"'\ V has two connected components
of the same combinatorial type or a cycle consisting of two edges which have
the same weight. Also, we do not need the special cases (2) and (3) of 4.6
in either of the two other definitions. They are not relevant. In the third
enumerative problem, they are not of top dimension.

The factors of % can be thought of as taking care of automorphisms (see
also Section 7).

5. THE TROPICAL ENUMERATIVE PROBLEMS

Definition 5.1. A morphism between a weighted polyhedral complex X
and a polyhedral complex Y is a continuous map f: X — Y such that for
each cell X; C X the image f(X;) is contained in only one cell of Y, and
flx, is a linear map (of polyhedra).

Assume f: X — Y is a morphism of weighted polyhedral complexes of the
same pure dimension, and P € X is a point such that both P and f(P) are
in general position (in X and Y, respectively). Then locally around P the
map f is a linear map between vector spaces of the same dimension. We
denote by Dp the absolute value of the determinant of this linear map and
define the multiplicity mult;(P) = Dp - w(Xp) of f at P to be Dp times
the weight of the cell Xp, w(Xp). Note that the multiplicity depends only
on the cell Xp of X in which P lies. We call it the multiplicity of f in this
cell.

A point () € Y is said to be in f-general position if ) is in general position
in Y and all points of f~!(Q) are in general position in X. Note that the
set of points in f-general position in Y is the complement of a subset of Y
of dimension at most dim Y — 1; in particular it is a dense open subset. Now
if @ € Y is a point in f-general position we define the degree of f at Q to
be
degf(@Q) = > multy(P).
pPef~1(Q)

Note that this sum is indeed finite: first of all there are only finitely many
cells in X. Moreover, in each cell (of maximal dimension) of X where f is
not injective (that is, where there might be infinitely many inverse image
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points of @) the determinant of f is zero and hence so is the multiplicity for
all points in this cell.

Moreover, since X and Y are of the same pure dimension, the cells of X
on which f is not injective are mapped to a locus of codimension at least 1
in Y. Thus the set of points in f-general position away from this locus is
also a dense open subset of Y, and for all points in this locus we have that
not only the sum above but indeed the fiber of @) is finite.

Note that the definition of multiplicity mult(P) in general depends on the
coordinates we choose for the cells. However, we will use this definition only
for morphisms for which Dp, the absolute value of the determinant, does not
depend on the chosen coordinates, if they are chosen in a natural way; in our
case this means we choose lattice bases of the spaces M;fnytmp(RQ, A) and

M ;%}trop(Rl, A). Choosing a different lattice basis leads to a base change
matrix of determinant +1 which does not change the multiplicity. Since Dp
depends only on the cell and for us cells correspond to combinatorial types «,

we will use the notation D,,.

As lattice bases are in general hard to compute, we use the following easier
way to determine mult¢(C) for a morphism starting from one of our moduli
spaces:

Construction 5.2. Let f: M — Y be a morphism of weighted polyhe-
dral complexes of the same pure dimension, where M is Mg,mrop(RQ, A),

Mlm,tmp(Rz,A) or M} o op(RY, A). For a regular type a the cell M =
Ma

& trop(R%,A) (resp. M = MJ% ., (R, A)) is cut out of V = R2H#T5
(resp. V = RH#F(IJ) by the inequalities that lengths are positive and by
d = 2g (resp. d = g) independent equations for the loops. Pick a map
fa: V=Y xR such that fu|p = f|ar X Aa, where A, is the map contain-

ing the equations for the loops as in 4.3.

Lemma 5.3. For a map fa (defined for a regular type o) from Construc-
tion 5.2 we have |det(fa)| = In - Do = mults(C), where C is a curve of
type «. In particular |det(fy)| does not depend on the choice of f.

This is basically a straightforward lattice index computation, which can be
found in [15], Lemma 1.6. The index of a square integer matrix is just the
absolute value of its determinant, and the index of a product of two maps
f x g is equal to the index of flierg times the index of g. Remember that
fo = flar X Ao and M (that is, the cell of type «) is the kernel of the
map A, (intersected with the conditions that lengths have to be positive)
by Definition 4.3.

Ezample 5.4. For the maps we will use, we can choose a possible fa just by
choosing chains of flags to the marked points, respectively to the vertices.
For the curve C' in Example 4.4, choose V; to be the root vertex, and go
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from V; to x1 via (Vi,e1). Go to zg from Vj via (Vi,e1), (Yz, e2) and (V3 e5)
and to z3 via (V1,e1), (Va,e2), (V3,e3) and (Vy, eg). Thus f, is the 2—|—#F(1) =
8 times 2n + 2 = 8 matrix

OO OR O
OO OrR OO
= e e e e
el e ==
|
HERER,OOOO
|
[=RENeoloNoNoNoNa]
Qoo OoONMNOOO
|
OO NOOOO

where the coordinates of R® are h(V1), I(e1),...,l(es). Note that we could
for example also have gone to z3 via (V1, e4) in which case the fifth and sixth
row would be replaced by

This matrix differs from the other only by subtracting the seventh from
the fifth and the eighth from the sixth line—that is, we subtract the two
equations for the loop from one chain of flags to get to the other chain of
flags. In particular choosing a different chain of flags does not change the
absolute value of the determinant. We will see that the map f, we describe
here equals ev |57 X Ao when restricted to the cell M = M3 . (R?, A) (the

map ev is defined in 5.5). Then by Lemma 5.3 we have 2 = |det(f,)| =
multey (C).

Definition 5.5. Let
ev;: ]\45],n7tmp(}R27 A) — R?, (T, h, 1, ... xn) — h(x;)

denote the i-th evaluation map. By ev = evy X ... X ev,, we denote the
combination of all n evaluation maps.

The j-invariant of an elliptic curve tropicalizes to the cycle length ([9]). For
a tropical curve C' = (', h,x1,...,2,) of genus 1, we pick a generator of
Hy(T',Z) given as a chain of flags. If we avoid passing any edge in two
directions, it is unique up to orientation. We define the cycle length to
be the sum of the lengths of the edges which are part of this cycle. This
can also be expressed in terms of forgetful maps ([10]). We define a map
E M1,n7trop(R2,A) — R>0 sending C to its cycle length. For a rational
tropical curve, we say j(C') = 0. Define

Ti=evXj: /K/lv17n7trop(R2, A) — R?"™ x R>p.

We define the tropical branch map 4 as
d: MI (Rlv A) - R#A_2+2g: (Fa h) = (h(vl)7 C) h(V#A72+2g))a

g,0,trop

where Vj is the vertex in I'? with label 7 as defined in 3.1.
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All those maps are morphisms of weighted polyhedral complexes. For ex-
ample, the position h(z;) equals h(V) 4+ > v(V,e) - l(e) where the sum goes
over a chain of flags leading from V to z;. This expression is linear in the
coordinates h(V') and I(e).

Now we define the tropical enumerative numbers.
Definition 5.6.

(1) Let n = #A+g—1. For a point configuration P € R?" in ev-general
position, define Niyop (4, g) = dege, (P).

(2) Let n = #A — 1. For a point configuration P € R?" in 7-general
position, define Egop(A, j) = deg,(P).

(3) For a point configuration P € R#2~2%29 in §-general position, define
H§7trop(777 Z/) = degé(P)

The question as posed in the introduction is now why those numbers do

not depend on the point P, that is, why the degrees of the three maps are

constant. We give an outline of these proofs in Section 6.

Note that Nipop(A, g) is defined differently in [12]: the tropical curves there
are counted with a multiplicity mult(C) which is not defined via the eval-
uation map. We show that mult(C) for a relevant and regular curve C of
type a coincides with multe, (C) ([11]).

Definition 5.7. The multiplicity of a 3-valent vertex V is defined to be
the absolute value of the determinant det(vy,v2), where v; and vy are two
directions of flags adjacent to V. The balancing condition tells us that it
makes no difference which two of the three flags adjacent to V we choose.
The multiplicity mult(C') of a 3-valent tropical curve is defined to be the
product of the multiplicities of all vertices ([12]).

Ezxample 5.8. The multiplicity of the curve C' from Example 4.4 equals
mult(C) = 2. As we have seen in Example 5.4, multe, (C) = 2, too.

A string in C is a subgraph of I' homeomorphic either to R or to S* (that
is, a “path” starting and ending with an unbounded edge, or a path around
a loop) that does not intersect the closures Z; of the marked points.

Definition 5.9. For a tropical curve C of regular type «, pick a chain of
flags for each marked point x; leading from the root vertex V to x;. Define
a matrix evy: R2+#T0 — R2" x R29 with two rows for each marked point
containing the chain of flags and two rows for each loop containing the
equation of the loop (as in Definition 4.3).

Remark 5.10. Note that évq = ev xAq on M, o0 (R, A), where A, is de-
fined in 4.3 and Mgofn’tmp(]RQ, A) is the kernel of A, intersected with the
conditions that the lengths are positive. The map év, depends on the

choices, but |detevy| does not since |det évy| = w(a) - Dy = multe, (C)
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by Lemma 5.3. By abuse of notation, we still speak of the map év,, even
though its definition depends on the choices we made, and keep in mind that
| det(evy )| is uniquely determined.

Note that 5.4 gives an example of such a map év,,.

Lemma 5.11. Let C be a curve of degree A and relevant and regular type «,
which is marked by #A + g — 1 points. Then multe,(cy is equal to mult C
if C' has no string.

Note that curves with a string are not mapped injectively by ev (see [6],
Remark 3.6), therefore they do not contribute to the count deg,,(P). Also,
if we choose a configuration of points in general position, no curve with a
string meets the points.

Proof. We show that |det(evy)| equals mult C', which is enough by Re-
mark 5.10. The proof is an induction on the sum of the number of bounded
edges and the genus. The induction beginning is shown in [6], Example 3.3.

As induction step, let us now assume C has k bounded edges, is a curve of
genus g and degree A, and k£ 4+ g > 2. Cut one of the bounded edges. That
is, in the graph I', choose a bounded edge e and replace it by two ends, each
being adjacent to one end vertex of e. Two things can happen:

(1) The graph can decompose into two connected components.

(2) The graph can stay connected, but a loop is broken. We denote the
new connected graph of genus g — 1 by I'y. In this case, the edge
e should be chosen such that it is adjacent to a marked point x;.
(Such a choice is possible as C' has no string.)

We have to prove the statement for each of the two cases separately, as the
arguments differ. The first case is shown in [6], Proposition 3.8. In the
second case, I'; has genus g — 1, #A + 2 ends that are not marked points,
and #A + g —1 < (#A +2) + (¢ — 1) — 1 marked points, therefore it
has a string. This can be seen by removing T; one by one, thus producing
several connected components. Since we do not have enough marked points,
we end up with less connected components than ends. We add a marked
point x adjacent to one of the new ends. There is only one possibility
to do this such that the new tropical curve has no string. The tropical
curve C of type oy defined in this way has genus g—1 and as many bounded
edges as C. Therefore we can assume by induction that its multiplicity
is equal to |det vy, |. As mult(C) = mult(C}), it remains to show that
| det €V, | = | det €vy, |-
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Choose coordinates to compare the two matrices of ev, and evy,. Let V—
the vertex adjacent to the marked point x;—Dbe the root vertex both for C
and for Cj. Choose the same order of bounded edges, marked points and
loops for the two curves. One of the loops of C, say L, is broken after the
cutting of e. This loop corresponds to the last two lines of the matrix of
év,. For C1, the last two lines are given by the marked point x. As chain
of flags leading from V to = in C}, we choose just the same chain of flags
as for the loop L. The following table represents both matrices. The two
matrices only differ by the h(V)-entries in the last two rows. In the table,
each row represents two or more rows as before. Each matrix contains the
first three rows, ev, contains the fourth, and ev,, the fifth. Fy denotes the
two by two unit matrix.

h(V) | bounded edges
the marked point z; Es 0
other marked points FEs *
other loops 0 *
for ev,, the loop L 0 equation for L
for €v,, the new point x | Fs equation for L

Note that both matrices are block matrices with a 2 x 2 block on the top
left. Therefore, both determinants are equal to the determinant of the lower
right block. But this block coincides for both matrices, because it does not
involve the two numbers we changed from 0 to 1. (]

6. THE INDEPENDENCE PROOF

To prove that deg;(P) does not depend on P where f is one of our maps
above, note first that the degree is locally constant on the subset of points
in f-general position. This is true since at any curve that contributes to
deg f(P) the map f is a local isomorphism. The points in f-general position
are the complement of a polyhedral complex of codimension 1, that is, they
form a finite number of top-dimensional regions separated by “walls” that
are polyhedra of codimension 1. To show that deg is constant it is therefore
enough to consider a general point on such a wall and show that deg; is
locally constant at these points. Such a general point on a wall is the image
under f of a general tropical curve C' of a combinatorial type « such that
the cell corresponding to « is of codimension 1. We have to classify all those
types. For the first enumerative problem, this is done in [11] and for the
second in [10]. (For the third, the wall-crossing statement is actually not
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necessary since all types contribute to the sum degs, not depending on P.)
The following shows local pictures of codimension 1 types.

= £

The pictures represent the abstract graph and the direction vectors at the
same time: the double edge in the second and third picture from the right
represents two edges of the graph I' which are mapped to the same line
segment of R? since they are of the same direction. The loop in the picture
on the right represents a loop of direction 0 (leading to a type of deficiency 2
which is of codimension 1 because of its 6-valent vertex).

For the first enumerative problem, the numbers Niyop(d, g), we have to con-
sider the left two pictures and the case of a 3-valent curve of genus g—1. The
other ones are not relevant. For the second enumerative problem, the num-
bers Eirop(d, j), we have to consider all the pictures above. The third picture
from the left leads to several subcases depending on where the marked points
are relative to the cycle.

Here, we want to present only the case corresponding to the leftmost picture.
This is in fact the most important case, since it has to be considered in all
enumerative problems. Also, it is the only case that has to be considered
for rational curves. An analogous independence proof for rational curves
appeared in [6]. We outline the proof only for the first enumerative problem,
the numbers Niyop(d, g), that is, we use the map ev: Mg, trop(R?, A) —
(R%)™. For the other two maps, it is completely analogous.

Lemma 6.1. Let P € R?" be a configuration of points such that there is a
curve C' with one 4-valent vertex satisfying ev(C') = P. Then the number of
preimages near C under ev of a point P’ near P (counted with multiplicity)
does not depend on the choice of P’.

Proof. Let o be the type of C. The cell M2, ., (R? A) is in the boundary
of three top-dimensional cells, namely the ones where the 4-valent vertex is

resolved.
€4
e1 3 v . 1%
v % .
e2
« o g as

We study the three matrices Ay, Ay and A3 of ev,,, vy, and evy,. They
differ only in the column corresponding to the edge e. Denote the four edges
adjacent to the 4-valent vertex of C' with eq,...,e4, and their respective di-
rections with v1,...,v4. The root vertex is V' as indicated in the picture.
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We assume that all choices of flags for evaluation and loops are made con-
sistently. Then the three matrices only differ in the column which belongs
to the new edge e. The following table represents all three matrices: Each
matrix A; contains the first block of columns (corresponding to the image
h(V') of the root vertex and the lengths /; of the edges e;) and the i-th of
the last three columns (corresponding to the length of the edge e).

V) L by | o2 o
€1 E2 U1 0 0 0 0 0 0
€2 FEs 0 Vo 0 0 0 Vg + U3 Vg + Vg
es Es 0 0 U3 0 |vg+wvs| vy + w3 0
€y Es 0 0 0 V4 | Vg + V3 0 Vg + Vg
€1, €2 0 —V1 V2 0 0 0 V2 + U3 V2 + V4
ey, €3 0 —V1 0 U3 0 | vg+wvyg | v+ v3 0
€1, €4 0 —V1 0 0 V4 | V3 + Vg 0 Vo + Vg
€g, €3 0 0 —V2 V3 0 V3 + Vg 0 —Vg — Vg
€, €4 0 0 ) 0 V4 | V3 +v4 | —V9 — U3 0
€3, €4 0 0 0 —V3 U4 0 —V2 — V3 Vg + Vg

The columns corresponding to the other bounded edges are not shown; it is
enough to note here that they are the same for all three matrices. The size
of the matrices is 2n + 2g times 2 + #I§, and 2+ #I'§ = 2+ #A -3 +3g =
n=#A+g—14 29 = 2n + 2g because of remark 3.4 and definition 5.6.
The first four rows correspond to the images of the marked points. The
row labeled with e; stands for the evaluations of marked points that can be
reached from V via e;. The last six rows correspond to the equations of
the loops. The row labeled e;, e; stands for equations of loops that involve
the two edges e; and e;. We get four different types of rows for the marked
points depending on via which of the four edges e; a marked point is reached
from V. For the loops, we get six different types of rows depending on which
two of the four edges ey, ..., e4 are involved in a loop. Each row represents in
fact two or more rows of the matrix, two rows for the two coordinates of the
image of each marked point resp. two equations given by each loop. Loops
that do not involve any of the four edges are not added, they do not change
the computations. As det is linear in each column, det A1 + det Ay + det A3
is equal to the determinant of the following matrix, where we added the
three last columns:

hV) lo I3 Iy

€1 EQ V1 0 0 0 0

€9 E2 0 (%] 0 0 2’()2 —+ v3 + U4
es FEs 0 0 U3 0 | 2vg +vo + vy
ey FEs 0 0 0 Vg | 204 + V3 + Vo
e; and es 0 —v1 U2 0 0 | 2vg +v3 + vy
e1 and ez 0 —v1 0 V3 0 | 2vz + vy + vy
e1 and ey 0 -1 0 0 vy | 2vg+v2+v3
es and eg 0 0 —ve U3 0 V3 — Vs

es and ey 0 0 —Uy 0 g Vg — Vo

ez and ey 0 0 0 —U3 U4 V4 — U3
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Now we subtract the four columns for /1, ...,Il4 from the last column.
hV) Iy Iy Ils Iy

€1 E2 U1 0 0 0 —U1
€9 EQ 0 V2 0 0 Vg + V3 + U4
€3 FEs 0 0 U3 0 V3 + Vo + vy
ey FEs 0 0 0 on Vg4 + V3 + V2
e; and es 0 —v1 Vg 0 0 | vo+wv3+wvs+v1
e1 and e3 0 —v1 0 V3 0 | v3+wvy+vs+v1
e1 and ey 0 —v1 0 0 vy |vg+ve+v3+v;
es and e3 0 0 —vy U3 0 0
es and ey 0 0 —Uy 0 g 0
e3 and ey 0 0 0 —wv3 w4 0

Due to the balancing condition vy + vo + v3 +v4 = 0. We add v; times
the h(V')-columns to the last column and get a matrix with a zero column
whose determinant is 0. Therefore det A; + det A5 + det A3 = 0.

Note that we assume here that the edges e; are in fact all bounded. If this
is not true, the argument needs to be changed slightly. If e; is unbounded,
then there can be no marked points that can be reached from V via e;. That
is, we do not have the corresponding rows.

For a given i € {1,2,3} let us now determine whether the combinatorial
type «; occurs in the inverse image under ev of a fixed point P’ near P. We
may assume without loss of generality that the multiplicity of «; is non-zero
since other types are irrelevant for the statement of the proposition. Then A;
is an invertible matrix. There is therefore at most one inverse image point.
The root vertex and length coordinates for a curve in the inverse image
under ev of type «; are given as A’ - (P’,0), since év,, = evxA,, on
Mg, rop(R?, A) by Remark 5.10. In fact, this point exists in My, ., (R?, A)
if and only if all coordinates of A; ' - (P’,0) corresponding to lengths of
bounded edges are positive. By continuity this is obvious for all edges except
the newly added edge e, because in the boundary curve C all these edges
had positive length. We conclude that there is a curve of type a; mapping
to P’ if and only if the last coordinate (corresponding to the length of the
newly added edge e) of A;l - (P’,0) is positive. By Cramer’s rule this
last coordinate is det KZ / det A;, where ﬁz denotes the matrix A; with the
last column replaced by (P’,0). But note that A; does not depend on 1
since the last column was the only one where the matrices A; differ. Hence
whether there is a curve of type «; or not depends only on the sign of det A;:
either there are such inverse image points for exactly those i where det A;
is positive, or exactly for those ¢ where det A; is negative. But by the above
the sum of the absolute values of the determinants satisfying this condition
is the same in both cases. (]
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Remark 6.2. Note that we have to distinguish a case if we prove an analo-
gous statement for other enumerative problems. If I'\ V' has two connected
components of the same combinatorial type, say the two components con-
taining e; and eo, then the type a; gets an extra factor of % The types
ao and ag are identical, so the statement is still true in this case. We do
not have to consider this case for the numbers Niop(d, g) or Eirop(d, ),
because A; would not be injective since we can change length coordinates
without changing the image.

7. CONCLUSION

We mentioned in the introduction that we believe that the moduli spaces
we consider here should be equipped with tropical structure, and that once
this is achieved the tedious case-by-case analysis (for each codimension 1
case) in the independence proof from Section 6 can be replaced by an easy
intersection theory argument. This hope is in fact true in the case of rational
curves: for rational curves (that is, for the numbers Ni;op(d, 0) for example)
the moduli space is known to be a fan satisfying a balancing condition as in
Remark 2.1 ([5]) and thus a tropical variety. The tropical structure is derived
from the tropical structure of My ,, trop mentioned in Remark 3.5. A trick has
been used to avoid the notion of a tropical stack here: the unmarked (that
is, non-contracted) ends are labeled to make them distinguishable even if
they have the same direction. Then there is a subgroup G of the symmetric
group that acts on the moduli space with labeled ends by relabeling the non-
contracted ends. The enumerative numbers we get have to be divided by
|G| to reflect the fact that we count each curve several times with different
labels for the non-contracted ends ([5]). For a general type, there are |G|
ways to relabel the ends. For a type with vertices V' such that T' \ V has
two components of the same type, there are only % - |G| ways to label the
ends. This enlightens why we include factors of % for the weights in such a
case in Definitions 4.6 and 4.8.

It is also known that the evaluation map ev: Mg, trop(R?, A) — (R?)" is
a morphism of tropical varieties ([5]). Since the space and the map are
equipped with tropical structure we can use intersection theory arguments
to deduce that deg,, is constant for the case of rational curves ([5]).

The proof that the moduli space of rational tropical curves is a tropical va-
riety, that is, balanced ([14], [5]), involves an argument which is very similar
to the proof of Lemma 6.1 above. We need to consider a codimension 1
cell (that is, a cell corresponding to a curve with one 4-valent vertex) and
consider the neighboring top-dimensional cells just as above. That means
that for rational curves, the work to show an independence statement as
above is hidden in the proof that the moduli space is a tropical variety. We
hope that a similar statement can be shown for higher genus curves, too.
We hope that the description of moduli spaces of tropical curves of higher
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genus as weighted polyhedral complexes used in this survey can contribute
to the understanding of their tropical structure.
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