ELLIPTIC GAMMA FUNCTION PROVIDES THE
CECH COCYCLE OF A GERBE

CHENCHANG ZHU

ABSTRACT. G. Felder and A. Varchenko discovered certain mod-
ular formulas for elliptic gamma functions. These identities are
generalized to an infinite set of identities for elliptic gamma func-
tions associated to pairs of planes in 3-dimensional space in [2].
There we also use the language of stacks and gerbes to give a nat-
ural framework for a systematic description of these identities and
their domain of validity. In this note I summarize the work in [2]
with an emphasize on the Cech open covers.

The elliptic gamma function [6] is a function of three complex vari-
ables obeying

D(z+o0,7,0)=00(z,7)(2,71,0),
9()(2:,7') _ H(l . 627ri((j+1)7—z)>(1 . €2m'(j7—+z))'
§=0

In [3] three-term relations for ' involving ISL3(Z) = SLy(Z) x Z* were
discovered, generalizing the modular properties of theta functions un-
der ISLy(Z)= SLy(Z) < Z2.

In [2], we show that these identities are a special case of a set of
three-term relations for a family of gamma functions I'y;, which are
interpreted geometrically as giving a meromorphic section of a hermit-
ian gerbe on the universal triptic curve. The result generalizes the fact
that the theta function 6, is a section of a hermitian line bundle on the
universal elliptic curve. We call this gerbe gamma gerbe.

We describe gamma gerbe by the enlarged gamma function fam-
ily. For a,b linearly independent in the set Ay, of primitive vectors
(namely not multiples of other vectors) in the lattice A = Z3, there is a
unique primitive y € A}, in the dual lattice such that det(a, b, -) = sy

for some s > 0. For w € C,z € A ® C = C3 for which the products
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converge we define

[sec, sz, (1 — e 2miC@-w)/a)

Fa,b(wa ZL‘) = 1— 627”'(6(9”)71”)/7(33)) ’

H660_+/Z'y(

where Cy_ = C,_(a,b) = {0 € AY|d(a) > 0,d(b) < 0} and Z~v acts on
it by translation. We set similarly C_, (a,b) = C;_(b,a). We define
[y +q = 1. The function ', is meromorphic on C x (U, NU;), where
U’s are calfully chosen as

U = {x € C¥Im(a(x)3(2)) > 0}

for any oriented basis a, ( of the plane §(a) = 0. It is easy to check
that U is independent of the choice of o and f.

For linearly independent a,b € Apyim, I'ap is a finite product of ordi-
nary elliptic gamma functions:

1) Cap(w,2) Ilr(w+i>awymw),

5eb ) V(x) ()

for any «, 8 € AV satisfying «(b) = S(a) = 0 and a(a) > 0 5(b) > 0
F={6eA0<0(a) < ala),0 <d(b) < B(b)}

Let X be the total space of the line bundle O(1) — (CP? — RP?).
Geometrically we think of O(1) as the dual bundle to the tautologi-
cal line bundle and of CP? as the projectivization of A¢ = A ®4 C,
where A = Z3 is a free abelian group of rank 3 equipped with a
volume form det : A3A — Z. The group Aut(A) = SL3(Z) of lin-
ear transformations of A¢c mapping A to itself and preserving the vol-
ume form, acts naturally on X. The dual lattice AY = Hom(A,Z) =
Z3 C V& acts on O(1) fiberwise by translation and we get an action of
Aut(A) x AV = ISL3(Z). More explicitly, this group acts linearly on
C x V¢ via (g, u)(w, ) = (w — a(zx), gx), and this action induces an
action on X = (C x (Vg — C-1R))/C*.

The complex manifold X has a natural ISL3(Z)-equivariant open
covering V = (V;)aea, labeled by the set of primitive vectors A, in A:
for a € A,, V, = {(w,z) |z € U}}/C*. Our extended elliptic gamma
functions Ty will give some Cech cocycle with respect to this ISLs(7Z)-
equivariant open covering V = (V4 )qea,. We first prove some properties
of V’s.

Proposition 0.1. For any ai,...,a, € A, ﬂk‘/a—: 15 either empty or
contractible.

Proof. Let U = U /C*. The V, are trivial line bundles over U so it
is sufficient to prove the claim for U} .
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We divide the proof into two cases:

Case 1: Suppose there are three linearly independent elements in {ay}.
Since a SL3(Q) transformation of R* O A, will not change the topology
of ﬂkf];; , and any three linearly independent rational vectors can be
transformed to the basis vectors under SL;(Q), we might as well assume
that they are e, ez, es. Then ﬂZU;F = {[(x1, 22, 23)] : Im(z1Z2) >
0,Im(z9Z3) > 0,Im(x3z1) > 0}. We may assume that z3 = 1, x; =
rie”" and zy = r9e’ with 71,79 > 0. Then the above set is exactly
the set where

(2) O<o<m O<tv<m 0<2m—¢—1<m,

and r1,ro € RT. This gives us the constraint on (¢, ¢) that it is inside a
triangle A bounded by three lines defined by the above linear equations
in the R? and no constraint on r; and 7.

Any other vector a; can be written as a, = spe; + tpes + uges with
Sk, te, up € Q. Assume at first that uy # 0. Then a basis in H(ay) can
be chosen as o = uge; — speg3 and G = ugey — trpes. Then U;; gives us
the constraint that

Im((ugzy — sgxs)(ury — trs)) > or < 0,

depending on the orientation of a and (. This inequality is equivalent
to

(3) sin(v)skp1 + sin(@)trp2 — sin(y + ¢)ug > or <0,

where p; = r; . Notice the symmetry of this inequality. In fact, we will
arrive at the same inequality if we assume s, # 0 or t; # 0. Therefore
for a fixed value of (¢, 1), the restriction of p;’s is given by a series
of linear equations on R%. Hence p;’s have to be in a certain polygon
P in R2.

With the condition (2), we observe that (S;;Z?zﬁ?ﬁff)) p1, S;;t?;gﬂ?;ﬁ; P2>

satisfies (3) at point (¢,v) as long as (p1, p2) satisfies (3) at the point
(quv 1/]0) _

Then it is easy to see that the following map MU, — A x P is a
homeomorphism:

sin ¢ sin(¢g + o)  sinsin(pg + 1)
sin ¢ sin(¢ + 1) " sin Yo sin(¢ + )

[(pre ™, pyte™ 1)) = (¢, 0, p2).

Case 2: Suppose that all a,’s lie in the same plane. Since (Zf is
homeomorphic to U; which is C x H, where H, is the upper half
plane, the claim is trivial in the case that all aj lie on the same line.
By [2, Lemma 3.9] the intersection is empty if all of a;’s do not lie on
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the same side of some plane. So after a SL3(Q) transformation, we can
assume a; = e; and as = e, and everything else lies in between, namely
ap = spe1 +tres with s, 6, € Q7. Upj N Ue‘; consists of points such that
Im(z;73) < 0 and Im(z973) > 0. After normalizing x3 to 1, Ut N U
is simply H,; x H_. On the other hand, an oriented basis of the plane
H(ay) := {a(a) = 0} C AY can be chosen as sges — tre; and €3. So
Im(spxe—trx1)Ts > 0 always holds, namely Uak C ﬁ;ﬂﬁ;g Therefore,
in this case, NU,, = Uf NU} = H, x H_ is contractible. O

Proposition 0.2. For any ai,...,a, € A, ﬂkVaJ; 1s either empty or
Stein.

Proof. Submanifolds of C" given by |f;(2)| < 1, for fi,..., f holo-
morphic are domains of holomorphy [5, Theorem 2.5.13]. Domains of
holomorphy are Stein manifolds. The open sets V, are isomorphic as
complex manifolds to H x C x C, where H is the upper half plane.
Hence V, is a domain of holomorphiy with k = 1, fi(z) = e"*'. By [5,
Cor. 2.5.7] finite intersections of domains of homolorphy are domains
of holomorphy again. O

Analytic coherent sheaves (such as Q) on Stein manifolds have van-
ishing cohomology in positive degree [5, Theorem 7.4.3]. If we have a
contractible Stein manifold we reach the same conclusion for O* with
the long exact sequence. Hence our covering V is a good covering in
the sense that H>°(N; V., ©0*) = 0. This implies that the Cech coho-

ag?

mology with respect to V
Hy(X,0%) = H*(X,0%),

calculate the sheaf cohomology of X.
The functions I',; satisfy cocycle conditions generalizing the three-
term relations of [3]:

(4) Cop(w,2)Dpo(w,z) =1, zeUNUS,

Cop(w, 2)The(w, 2)Teo(w, x) = exp <—%1Pa,b7c(w,x)) , xeUnU - NnU,

where P, ;. (w,z) € Q(x)[w] can be explicitly described in terms of
the Bernoulli polynomial Bj 3, see [2]. Moreover the gamma functions
obey cocycle identities related to the action of the group ISL3(Z) =
SL3(Z) x Z3. Fix a framing of Apim, namely for each a € Ay a
choice of oriented basis (a1, s, a3) of AY @ R such that a;(a) = 1,
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as(a) = az(a) = 0. Let

Au((g, p);w, ) =

I a)_le (w —1—]041@) CY2($)>
0 )

asla) o)

where (g, ) € ISL3(Z) = SL3(Z) x Z3. Then we have

(5) Fa,b(w+u(g_1w),x) _ 67riPa7b((g,u);w,x) Aa((gaﬂ)Swﬁ)’
Fa,b(wyx) Ab((g,u),w,aj)

(6)  Ag(ghiw,x) = 2 P@rwD N (gow, )Ny (hsw — p(x), gz),

where ¢ = (g, ), h = (h,v) and P,;, P, are again in Q(z)[w].
By equations (4) (5) (6) we have:

Theorem 0.3. There is an ISLs(Z)-equivariant Cech 2-cocycle

_2mi _2mi . _9omi .
(szz,b,m gba’b’ ¢a) = (6 3! Pavbvc(w’m)’ (& 2! Pa,b((gvﬂ)7w7$)7 e 27”Pa((gn“)7(h7l/)1w7m))

in C?SL3(Z)(V,OX). The image of ¢ in the equivariant Cech complex

with values in the sheaf M™ of invertible meromorphic sections is the
coboundary of the equivariant cochain (Lqp, A,) € C’}SLS(Z)(V,MX).

The gamma gerbe G is the holomorphic equivariant gerbe on X
corresponding to ¢. Equivalently, it is a holomorphic gerbe on the stack
X = [X/ISLs(Z)).

More geometrically, if we view gerbes over stacks as central exten-
sions of groupoids, then G is presented by a groupoid R = U fitting
in the central extension of groupoids over Uy:

1-C*"xUy— R—U —1,

where Uo = UVQ, U, = UO Xx X(]SLg(Z) X X) Xx Uo, R = |—|La,b &
Ly(g)~" with L, Ly(g) the C*-bundles with transition functions qba’b,cgb;ll)’d
(on (VonV,)NVeNVy) and ¢up (g, _)‘b;z}"(g: —) (on Va NV N Vi) re-
spectively. Notice that Uy = UW,, -1, where W, -1, = {(g,v)|y €
Va, 7'y € Vy-1p}. Then FaybAb’l provides a meromorphic groupoid
homomorphism U; — R, hence [’s and A’s can be viewed as a mero-
morphic section of G. A hermitian structure of a gerbe in this language
is simply a hermitian structure of the complex line bundle associated
to the central extension. There is a unique compatible connective on a
hermitian gerbe and its curvature represents the Dixmier-Douady class
of the gerbe.

Theorem 0.4. Using the notation in (1), there is a hermitian struc-

ture hophy ' on G with hey(w,z) = H(SGF/Z7 hs (wj(‘i(f), %, %) and
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as(z) 7 as(xz)

ha((g, p);w,z) = H?igofla)_l Do <w+ja1(£) O‘Z(m)>, where h,, are defined

by Bernoulli polynomials:

ho(z, 71, Tne1) = exp (— (A7 /n!) Byo10(Cotr, oy tnet))
with ¢ =Imz, t; = Im 7;.

Moreover, as with line bundles, we can construct the gamma gerbe
G via (pseudo)-divisors. A triptic curve € is a holomorphic stack of
the form [C/u(Z?)] with + : Z3> — C a map of rank 2 over R. An
orientation of a triptic curve &£ is given by a choice of a generator of
H3(E,Z) = 7Z. Then the stack Tr := [(CP? — RP?)/SL3(Z)] is the
moduli space of oriented triptic curves. The stack X = [X/ISL3(Z)] is
the total space of the universal family of triptic curves over 7r. Given
an étale map U — &, let Zy = 0 xg U. Zy is naturally a discrete
subset of a principal oriented R-bundle on U. Then a pseudodivisor on
U is a function D : Zy — Z such that if limy,, = +o00 (resp. —oo) for
a sequence ¥y, in Zy with compact support in U then lim D(y,) = 1
(resp. —1). The notion of positive/negative infinity is derived from the
orientation of the fibres of the R-bundle. We can globalize this to X,
namely for an étale map U — X, a pseudodivisor on U is a function
D : Tr x U — Z such that for every point ¢ — 7r with corresponding
fibre & = g x 7. X, the restriction ¢ X x U is a pseudodivisor on U X y £.
Then for two such D;’s, the pushforward p.(D; — D) is a divisor on U,
hence can be used to twist a line bundle L to L(p.(Dy — D5)), where
p:Tr xx U — U. Using the categorical description of gerbes in [1], we
then have

Theorem 0.5. The gamma gerbe G is a gerbe over X made up by the
following data: for U with an étale open map U — X,

Obj(Gy) = {(L,D)| L is a line bundle on U and D a pseudodivisor},
MOT<gU)<<L17 Dl) - (L27 DQ)) = FX<U7 (LT ® LQ) (p*<D2 - Dl))u
the invertible holomorphic sections.

We also have the following theorems calculating various cohomol-
ogy groups and Diximer-Douady classes of the gamma gerbes or its
restriction.

Theorem 0.6. Let &, = C/u(Z"), where x; = 1(e;), the images of the
standard basis vectors, are assumed to be Q-linearly independent and
to span C over R. Then

H=""2(&,,0%) = N(C" /(x4 ..., 2, )C) N(Z"), HHE,,0F) = E.XZ,
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and H="(E,.,0*) = 0. In particular, for generic triptic curves &, the
groups classifying holomorphic and topological gerbes on &€ are

H*(E,0°)=EXZ and H*E,Z)=17,
respectively.

Theorem 0.7. The Dizmier-Douady class c(G|e) of the restriction of
the gamma gerbe to € is a generator of H3(E,7Z) = Z.

Theorem 0.8. H3(X,Z) fits in a short exact sequence
0 — Z — H*(X,7Z)/torsion — H*(Z* 7) = 7 — 0.

The image of the Dizmier-Douady class c(G) € H*(X,Z) of the gamma
gerbe is a generator of H3(Z3,7).

There should exist non-abelian versions of this story in the context
of g-deformed conformal field theory [4].
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