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General in tro duction to tropical geometry and

curv e-coun ting
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Idea of tropical geometry

Replacealgebraic varieties by degenerations,tropical
varieties, which are piece-wiselinear objects.

The tropical varieties can be studied using combinatorics
and linear algebra methods.

Use the tropical varieties to prove theoremsabout
algebraic varieties.
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Tropical fans

The \gluing pieces" for tropical varieties.

� denotesa lattice (ZN ) and V = � 
 Z R the corresponding
real vector space.

De�nition
A tropical fan in V is a fan such that

1 cones� are cut out by integral inequalities and equations

(� � is the smallest sublattice of � that contains � \ �),

2 full-dimensional cones� are equipped with a weight

! (� ) 2 N> 0, and

3 for each cone� of codimension 1 the balancing condition is

ful�lled.
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For a fan of dimension 1 the balancing condition means:

! = 2

� � 1
0

�

� 1
1

�

� 1
� 1

�

For a higher-dimensional fan, project the cone� and its
full-dimensional neighboring conesalong � :
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counting curv es

De�nition
Let Nd denote the number of nodal rational plane curvesof
degreed passingthrough 3d � 1 points in generalposition.

N1 = 1

N2 = 1

N3 = 12

Theorem(Kontsevich)

Nd =
X

d1 + d2 = d
d1 ;d2 > 0

�
d2

1d2
2

�
3d � 4
3d1 � 2

�
� d3

1d2

�
3d � 4
3d1 � 1

��
Nd1 Nd2
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counting tropical curv es

De�nition
Let N trop

d denote the number of tropical rational plane curves
of degreed passingthrough 3d � 1 points in generalposition.

Theorem(Mikhalkin's CorrespondenceTheorem)

Nd = N trop
d

tropical curveshave to be counted with multiplicit y

mult = number of algebraic curvesthat degenerateto the

tropical curve

multiplicit y can be de�ned combinatorially
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a tropical count of N3

4
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Talk 2

Some tropical in tersection theory , tropical mo duli

spaces, evaluation and forgetful maps
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Tropical fans

� denotesa lattice (ZN ) and V = � 
 Z R the corresponding
real vector space.

De�nition
A tropical fan in V is a fan such that

1 cones� are cut out by integral inequalities and equations
(� � is the smallest sublattice of � that contains � \ �),

2 full-dimensional cones� are equipped with a weight
! (� ) 2 N> 0, and

3 for each cone� of codimension 1 the balancing condition is
ful�lled.
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For a fan of dimension 1 the balancing condition means:

! = 2

� � 1
0

�

� 1
1

�

� 1
� 1

�

For a higher-dimensional fan, project the cone� and its
full-dimensional neighboring conesalong � :
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Two tropical fans are called equivalent , if they have a
common re�nement. (The weights have to agree,too.)

A tropical fan is called irreducible, if there is no tropical
fan of the samedimension which is strictly contained.
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Lemma
Let X and Y be tropical fans of dimension n, X irr educible,

and Y contained in X . Then Y = � � X for some� in Q> 0.

Idea of the proof:

suitable re�nement

� := min � 2 X ! Y (� )=! X (� )

� such that � � � 2 Z

new weight function: ! (� ) = � � (! Y (� ) � �! X (� ))

new fan containing only � j ! (� ) > 0. It has to be empty.
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De�nition
A morphism of fans f : X ! Y is a Z-linear map, that is, a
map induced by a linear map from � to � 0.

construct the image fan f (X ) in Y :

roughly: conesf (� ), where � is contained in a

full-dimensional coneon which f is injective.

the conesf (� ) might overlap ! suitable re�nement

de�ne the weight of � 0 in f (X ) to be

! f (X ) (�
0) =

X

� 2 X j f ( � )= � 0

! X (� ) � j� 0
� 0=f (� � )j:

f (X ) is a tropical fan, too.
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Corollary

X , Y tropical fans of the samedimension n, f : X ! Y .
Y irr educible. For Q such that

Q 2 � 0
Q , dim(� 0

Q ) = n

inverse imagesP 2 � P , dim(� P ) = n

de�ne the multiplicity

mult P f :=
! X (� P )
! Y (� 0

Q )
� j� 0

� 0
Q

=f (� � P )j:

Then the sum X

P j f (P )= Q

mult P f

does not depend on Q(\ degree of f ").
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Idea of the proof:

suitable re�nements

Y irreducible =) f (X ) = � � Y for some� .

Therefore

X

P j f (P )= Q

mult P f =
X

� j f ( � )= � 0

! X (� )
! Y (� 0)

� j� 0
� 0=f (� � )j

=
! f (X ) (� 0)

! Y (� 0)
= �

doesnot depend on Q.
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Tropical M trop ;0;N

De�nition
An abstract tropical curve with n markings is a tree, such that

each vertex is at least 3-valent ,

n of the leaves(ends, unbounded edges)are marked and

the bounded edgesare equipped with a (positive) length.

M trop ;0;N = spaceof abst. trop. curveswith N ends,all marked

x1

x2

x3 x4

l1 = 4

l2 = 2:5
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M trop ;0;N can be embeddedas a tropical fan in R(N
2 ) � N :

ij -th coordinate given by the distance of leaf i and leaf j .

1
2

4

1
12
13
14
23
24
34

1
0
1
1
0
1

3

Divide out W spannedby trees with a 2-valent and an
N -valent vertex:

2

4

1
12
13
14
23
24
34

1
0
1

1

0
1
0

3
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M trop ;0;4 can be embeddedinto R2 = R6=W. It consistsof

three rays generatedby

(0; 1; 1; 1; 1; 0)

(1; 0; 1; 1; 0; 1)

(1; 1; 0; 0; 1; 1)

Their sum = the sum of the 4 generatorsof W =) M trop ;0;4 is
a tropical fan.
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Parametrized tropical curv es

De�nition
(� ; x i ; h) is an n-marked parametrized tropical curve of degree
d to R2 if:

(� ; x i ) abstract tropical curve with N = n + 3d ends,

h : � ! R2 a continuous map satisfying:

On each edgeE, h is of the form

hjE : [0; l (E )] ! R2 : t 7! a + v(E) � t

(a 2 R2, v(E ) 2 Z2 \ direction" of E). (v(E) = product of

the weight ! (E ) and the primitiv e integral vector.)

For every vertex the balancing condition holds.

Marked endsx i contracted to a point by h (i.e. v(x i ) = 0).

d of the other endsmap to (� 1; 0), d to (0; � 1), d to (1; 1).
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The length of an image edgeh(E) is determined by the length

of E in the abstract tropical curve and the direction v(E) (if

v(E) 6= 0).

The spaceof all n-marked parametrized tropical curve of

degreed to R2 is denoted by M trop ;0;n (R2; d).
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How can we make M trop ;0;n (R2; d) a trop fan? Use M trop ;0;N !

Mark the other endsby labels yi .
All directions are determined by the directions of the ends:

=) the map h is determined by

the position of one point (e.g. h(x1)) in R2,

the abstract curve (� ; x i ; yi ) and

the directions v(yi ).
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Get a map M trop ;0;N � R2 ! M trop ;0;n (R2; d).
Cover, number of inverseimagesvaries for the di�eren t cones.

Example: M trop ;0;0(R2; 2).

The picture encodesboth graph and map.

Avoid this by labelling the ends(for enumerative statements,

we have to divide by (d!)3 later.)
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M lab
trop ;0;n (R2; d) = M trop ;0;N � R2

(� ; x i ; yi ; h) 7! ((� ; x i ; yi ); h(x1))

in the sense:

bijection betweenthe two setsof cones,

each coneis equal to its image coneunder this bijection,

gluing coincides.

The right hand side is a tropical fan.
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De�nition
The map

evi : M lab
trop ;0;n (R2; d) ! R2

(� ; x1; : : : xn ; yi ; h) 7�! h(x i )

is called the i -th evaluation map.

Lemma
The i -th evaluation map evi is a morphism of fans.
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Idea of the proof:

Identify M lab
0;n; trop (R2; d) with M 0;N ;trop � R2.

De�ne

ev0
i : R(N

2 ) � R2 � ! R2

(a1;2; : : : aN � 1;N ; b) 7�! b+
1
2

NX

k=1

(a1;k � ai;k ) vk

ev0
i is 0 on W and it is a linear map.

x1

x i

l (E ) = 1

v(E )
I J

For all endsk 2 I , a1;k = 0, ai;k = 1 =) count negatively.

For all ends l 2 J , a1;l = 1, ai;l = 0 =) count positively.

Balancing condition =) �
P

k2 I vk =
P

l 2 J vl = v(E).
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forgetful maps

ft n : M 0;n; trop ! M 0;n � 1;trop

take the subgraph not containing end n and straighten 2-valent

vertices

l1 + l2

n

l1
l2
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Conclusion

Now we know:

moduli spacesof tropical curvesare tropical fans

evaluation maps and forgetful maps are tropical morphisms

degreeof tropical morphism is constant.

We will usethis in the next talk to derive Kontsevich's formula!
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Talk 3

Kon tsevic h's form ula tropically



A tropical pro of
of Kon tsevic h's

form ula

T alk 1

tropical curv es

tropical fans

coun ting curv es

T alk 2

in tersection
theory

tropical mo duli
spaces

ev aluation and
forgetful maps

T alk 3

the conditions

con tracted edge

references

Parametrized tropical curv es

De�nition
(� ; x i ; h) is an n-marked parametrized tropical curve of degree
d to R2 if:

(� ; x i ) abstract tropical curve with N = n + 3d ends,

h : � ! R2 a continuous map satisfying:

On each edgeE, h is of the form

hjE : [0; l (E )] ! R2 : t 7! a + v(E) � t

(a 2 R2, v(E ) 2 Z2 \ direction" of E). (v(E) = product of

the weight ! (E ) and the primitiv e integral vector.)

For every vertex the balancing condition holds.

Marked endsx i contracted to a point by h (i.e. v(x i ) = 0).

d of the other endsmap to (� 1; 0), d to (0; � 1), d to (1; 1).
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the forgetful map to M 0;4;trop

ft : M 0;n; trop (R2; d) ! M 0;4;trop

x 1

x 3
h

x 2

x 5

x 4

h(x 1 )

l 1

l 2

l 1 + l 2

x 1

x 2

x 3

x 4 13=24

14=23
l 1 + l 2

12=34

R2
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Pick a con�guration P of

a vertical line L 1

a horizontal line L 2

points p1; : : : ; p3d in the plane

a point � 2 M 0;4;trop .

Count curvespassingthrough the lines and points and

mapping to � under ft .

De�nition

� := ev1
1 � ev2

2 � ev3 � : : : � ev3d � ft :

M 0;3d; trop (R2; d) ! R � R � (R2)3d� 2 � M 0;4;trop
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contracted bounded edge

Forget the � -condition.

Curvesthrough L 1; L 2; p3; : : : ; p3d.

A 1-dim family.

The movement is bounded:
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local picture of a contracted bounded edge:

v

� v

w

� w

h
0

global picture:

h

R2

The curvesbecomereducible!
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N trop
d =

X

d1 + d2 = d
d1 ;d2 > 0

�
d2

1d2
2

�
3d � 4
3d1 � 2

�
� d3

1d2

�
3d � 4
3d1 � 1

��
N trop

d1
N trop

d2
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